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It is well known [l, Chap. IX] that the zeros of the Riemann zeta function, 
l(s), s = u + it, near the line u = 1 are very sparse. Indeed the number of 
zeros in the strip 0 < t < T, 1 - 6 < u < 1 are certainly 0(T36). Hence the 
average spacing is very great. 
If it is assumed the zeros near the l-line are actually isolated from one 
another one can improve the well-known theorems about the width of the 
zero-free region of the zeta function [I, Chap. III], [2]. 
THEOREM. If for some 6 > 0 and some large T, it is assumed that, of the 
nor&Gal zeros, p = /3 + iy, of t(s), those which lie in j3 > 1 - 6, 1 y 1 > T,, , 
are all isolated in the sense that there is no zero other than /3 + iy in the rectangle 
l-S<a<l /t--y/ <26; (l-1) 
then there are no zeros in the region 
A 
o>l----- 
log log t I t I > T,, 
1.2) 
for some A > 0. Although isolated, these zeros need not be simple. 
This is a considerably better result than is obtained without the “isolation” 
hypothesis where in (1.2) log log t is replaced by some fractional power of 
log t, PI. 
Let A(n) be the usual von Mangoldt symbol. Then for u > 1 and m > 1, 
If {p} are the nontrivial zeros of t(s) and m > 2 then [l, p. 311 (for m = 1) 
Fm(s) = (- 1)” P-l I’0 _ -a-z= I(s) ( 1 -~-~(s+~n)--~(s~p)i;4) 
. 
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If N(T) are the number of zeros of [(u + it) for 0 < t < T then a simple 
theorem [I, p. 1781 gives 
N(T + 1) - N(T) = O(log T) (1.5) 
2. PROOF OF THEOREM. Using (1.5) in (1.4) 
where here and elsewhere 0 is uniform in m > 2. If b + ic is a zero of 
t(s), b > 1 - 6 and c > T,, , then from the isolation hypothesis (1.1) and 
from (1.5) follows 
because for zeros other than b + ic satisfying 1 y - c 1 < S (1.5) implies 
u - j? > 1 - /3 2 S. Hence from (2.1) 
(The formula is for b + ic simple. If it is multiple the proof that follows is 
actually facilitated.) 
In the rectangle, 1 - S < u < 1, ( t - 2c 1 < 6, there is at most one zero 
by the isolation hypothesis. Consider the case where there is such a zero say 
at 6, + ic, . Then in place of (2.2) one gets 
FdfJ + 2f.c) = (u _ 6, +;& _ Q?n +o($y, (2.3) 
where Y > 0 is the multiplicity of the zero. 
From (1.4) and u > 1 
For u > 1 let 
FmW = (u J 1p + O(l)* (2.4) 
H,(u, t) = Re{3F,(u) + 4F,,,(u + it) + F,(u + 2it)). 
Then by (1.3) easily follows 
fL(u, t) > 0 (2.5) 
well known for m = 1. Using (2.2), (2.3), and (2.4) in (2.5) with s = u + ic 
(u 2 1)” - (& -Re (u - 61 + i(2c - Cl))& a 
- Klogc 
6” (2.6) 
for some constant K. 
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It will now be shown that one can choose D and m so that 
Let 
Then 
Let 
and let 
Then 
CASE 1. Let 
J = Re (u -b, + i(Zc - Cl))” a O. 
~ =tan-l 1 2c - c1 1 
u - b, 
o<a<+. 
sign J = sign cos ma. 
M = [log log c] + 1 
IJ - 1 = lOOM(1 - b). 
a: = tan-r I 2c - Cl I 
lOOM(1 - b) + 1 - b, * 
(2.7) 
(2.8) 
(2.9) 
(2.10) 
Then choose m = M and hence by (2.8), (2.7) is true. Thus (2.6) becomes, 
taking account of (2.10), 
{looM(: - b)}M - 
- Klogc 
{(lOOM+;)(l -h))M> SM 
or 
Klogc 
{lOOM(l - b)}-M 13 - 4 (1 + &j-J”\ > - 6M (2.11) 
since 
and 
7 4e-“/100’ > _ 
2 
or 
6 
’ - b ’ lOOM(2K)l’M (log c)llM ’ 
By (2.9) 1 + log log c > M >, log log c and so 
l--b> 
6 
200~42K)~‘M log log c ’ 
which proves the theorem in Case 1. 
(2.12) 
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CASE 2. Let 
&<ff (2.13) 
and recall that in any case 01 < rr/2. Consider now 
(M+k)a O<k<3M. 
Then as k increases in this range it follows from (2.13) and 01 < 7rr/2 that for 
some such k, say k, , 
cos(M + k,) 01 2 0. 
Let 
m=M+k,<4M. (2.14) 
Thus m > M. Again (2.7) holds and now by (2.6), instead of (2.1 I), one gets 
{lOOM(l - b)}-m 13 - 4 (1 + kM)-*) > - t;g ’ . 
By (2.14) 
1 +q 
1OOM 
< em/lOOM < $125, 
and since 4 exp[-(l/25)] > (7/2), (2.12) ’ IS a g ain valid (in a slightly stronger 
form). 
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